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Deconvolution Methods
for 3-D Fluorescence
Microscopy Images

D

econvolution of three-dimensional (3-D) fluorescence microscopy images using
computational restoration techniques has attracted great interest in the past
decades [1]–[3]. Fluorescence microscope imaging properties and measurement
imperfections distort the original 3-D image and reduce the maximal resolution
obtainable by the imaging system, thereby restricting the quantitative analysis of
the 3-D specimen [4]. Deconvolution is an operation that mitigates the distortion created by the
microscope. The problem is often ill-posed, since little information on the imaging system is
available in practice [5]. In this article, we present an overview of various deconvolution techniques on 3-D fluorescence microscopy images. We describe the subject of image deconvolution
for 3-D fluorescence microscopy images and provide an overview of the distortion issues in different areas. We introduce a brief schematic description of fluorescence microscope systems and
provide a summary of the microscope point-spread function (PSF), which often creates the
most severe distortion in the acquired 3-D image. We discuss our ongoing research work in this
area. We give a brief review of performance measures of three-dimensional (3-D) deconvolution
microscopy techniques and summarize numerical results using simulated data, and then we
present results obtained from the real data.
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the utmost importance, whereas for a medical imaging application, reliability of the solution is the primary consideration.

IMAGE DECONVOLUTION

APPLICATIONS
FLUORESCENCE MICROSCOPE SYSTEMS
In biomedical research, fluorescence microscopy is widely used
A fluorescence microscope is a light microscope used to study
to analyze 3-D structures of living biological cells and tissues
properties of organic or inorganic substances using the phe[4]. Micro total analysis systems (µTAS) have been developed
nomenon of fluorescence and phosphorescence instead of, or in
using a regenerable microparticle ensemble that could potenaddition to, reflection and absorption. These microscopes can be
tially determine the existence of hundreds of different targets in
categorized into two major groups: the widefield microscopes
biochemical detection, where quantum dot encoded micropartiand the confocal microscopes.
cle based arrays (QDEMA) are imaged by using a computer-controlled epi-fluorescence microscope [3]. A very similar problem
WIDEFIELD MICROSCOPES
deals with quantifying the total amount of DNA inside a cell
Figure 3(a) shows a schematic of a conventional widefield sysnucleus using fluorescence microscopy imaging. All these treattem. Here 3-D information from the object is recorded in a set
ments share a common challenge: imaging systems always disof 2-D images of different in-focus planes of the object. However,
tort objects. Image deconvolution restores objects typically by
light emitted from the out-of-focus regions cannot be distincharacterizing this distortion [6]. Other applications for image
guished from the in-focus plane light. As a consequence, the
deconvolution can be found in astronomical speckle imaging,
image at the detector plane contains both in-focus plane and
remote sensing, positron-emission tomography, and so on. For
out-of-focus information, thus reducing the lateral resolution.
example, in Figure 1, the captured 3-D fluorescence microscope
image of a spherical cell stretches along the optical
axis (z-axis) and maintains its circular shape along
Acquisition of Optical Sections
the radial direction. All two-dimensional (2-D)
Optical Sections
y
optical slices have an in-focus plane and a contrix
bution from the out-of-focus fluorescence that
obscures the image and reduces contrast [7].
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DECONVOLUTION IN FLUORESCENCE
MICROSCOPY
Fluorescence microscope systems produce two kinds
of blurring: one caused by the microscope PSF and
the other by random noise. For these systems, two
kinds of deconvolution techniques are available:
optical and computational. Optical methods reduce
the distortion by rejecting the out-of-focus light
before it reaches the detector. Although the 3-D resolution of an optically processed image is much
more distinct, the image contains severe anisotropy,
which may be improved by using computational
methods. In computational deconvolution, a stack of
2-D data is processed by computer to reduce the outof-focus contribution from each optical slice.
However, computational methods require a tradeoff
between the computational cost, convergence properties, and portability for a particular imaging application. For example, in a real-time image
deconvolution technique, computational speed is of
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DECONVOLUTION METHODS
Assuming linearity, convolution of the object and the
imaging system PSF is affected by noise and produces
a blurred image. Deconvolution restores the original
object to an improved resolution and higher signalto-noise ratio (SNR) level. Figure 2 shows a schematic diagram of a general deconvolution procedure,
where ⊗ represents the convolution operation.
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[FIG1] An example of the acquired 3-D image of a cell, captured by a
fluorescence microscope.
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[FIG2] Schematic of a general deconvolution procedure.
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ification. Therefore, the microscope PSF shows phase aberration
CONFOCAL MICROSCOPES
with symmetric features in radial planes and asymmetric feaA confocal microscope deflects most of the out-of-focus light by
tures along the optical direction. Figure 4 shows the presence of
placing a pinhole in front of the detector [see Figure 3(b)], therespherical aberration of a numerically calculated PSF on focal
by improving the lateral resolution. Its high resolution is obtained
planes from −3.0 µm above to 3.0 µm below the plane of referat the cost of low SNR in the captured 3-D image because only
ence at 0 µm. We observe that the number of rings increases
those photons passing through the pinhole are collected.
above and below the plane at 0 µm.
Widefield and confocal microscopes are the most widely
Figure 5(a) shows the meridused microscope systems in
ional section [plane along the
practice. However, many other,
optical axis (perpendicular to the
more novel types of microDECONVOLUTION IS AN OPERATION
focal plane) passing through the
scopes are available, such as the
THAT MITIGATES THE DISTORTION
origin] of a numerically computtwo-photon confocal microCREATED BY THE MICROSCOPE.
ed PSF of a fluorescence microscope and the 4–Pi microscope,
scope [9]. The computation has
which yield better performance
been performed using the diffraction-based classical model of
than the ones described earlier. Most of the deconvolution
Gibson and Lanni [10], which has been shown to represent the
methods that we present in this article are also applicable to
PSF accurately under a variety of imaging conditions. Most of
such systems.
the energy of the PSF is concentrated near its point of origin,
corresponding to a Gaussian peak. Smaller Gaussian peaks are
MICROSCOPE PSF
located along the optical axis, which deviates the meridional
The 3-D image of a specimen is acquired from a series of
profile of the PSF away from the conventional “X” shape [6].
2-D images by focusing the fluorescence microscope at different
Apart from radial directional symmetry and optical directional
planes of the ensemble structure. Principal causes of distortion
asymmetry, the microscope PSF is band-limited, reducing the
of the measured 3-D image are out-of-focus light, spatial flucturesolution of the captured 3-D image of the specimen [11].
ation of illumination in the specimen, excitation generated by
the lamp flicker, attenuation of areas in the image due to self
PSF DATA MEASUREMENT AND MODELING
absorption, bleaching effects, geometrical effects, and the
In general, a 3-D PSF can be obtained by three different techPoisson noise due to the background photon emission [6], [8].
niques: experimental, analytical, and computational [7]. In the
experimental methods, images of one or more point-like
MICROSCOPE PSF PROPERTIES
objects are collected and used to obtain the PSF. These methods
Out-of-focus light contributes a significant amount of distortion
have the added advantage that the PSF closely matches the
characterizing the so-called PSF, which is the 3-D impulse
experimental setup [6]. However, images obtained with such
response of the fluorescence microscope system. The image of a
point-like objects have a very poor SNR unless the system is
3-D impulse is not an exact 3-D impulse [6] in the fluorescence
specially optimized. In the analytical methods, the PSF is calcumicroscope because the finite lens aperture introduces diffraclated using the classical diffraction based model of Gibson and
tion ring patterns in radial planes. In addition, in real life, the
Lanni [7], [10], which is given by
measurement setup differs from the manufacturer’s design spec-
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[FIG3] A schematic of (a) widefield and (b) confocal fluorescence microscope systems.
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where J0 is the Bessel function of the first kind, K is the wave
number, Na is the numerical aperture of the microscope, M is
the magnification of the lens, and j is the square root of −1. The
vector ψ denotes the measurement setup parameters (i.e., the
thickness and refractive index of the immersion oil, the coverslip,
the specimen, and the tube length of the microscope), and ρ
denotes the normalized radius in the back focal plane. The distance from the in-focus plane to the point of evaluation is z, and
φ(·) denotes the phase aberration. When all the PSF parameters

are not known or a PSF measurement is difficult to obtain, it is
preferable to estimate the PSF and specimen function simultaneously by using the blind deconvolution (BD) algorithms, which
we will discuss in the “Image Deconvolution Algorithms of
Flourescence Microscopy Imaging” section. Software for direct
PSF computation using numerical values of λ, Na , M, and ψ ,
and other physical parameters is available with some commercial
deconvolution packages; if not available, it can be directly downloaded from the Web (e.g., XCOSM) [7], [10], [12].
Gibson and Lanni’s model (1) has two computational limitations: 1) evaluation of its partial derivatives with respect to the
parameters of ψ is computationally demanding and 2) the number of the parameters in ψ may not be optimal. When more
than one or two physical parameters are unknown in (1), the
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[FIG4] Numerically computed 2-D PSF images on the focal planes from −3.0 µm above to 3.0 µm below the plane of reference at 0 µm.
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[FIG5] (a) Meridional section of the numerically computed PSF of a fluorescence microscope with the signal intensity represented by
height; (b) projected top view of the signal intensity of the PSF in the meridional section.

IEEE SIGNAL PROCESSING MAGAZINE [35] MAY 2006

PSF can be modeled in terms of purely mathematical parameters by replacing the phase term exp{ jKφ(z, ψ )} in (1)
with A(ρ) exp{ jW(ρ, z)} , where W(ρ, z) = zC(ρ) + B(ρ) ,
 a
 b
A(ρ) = K
a χ (ρ), B(ρ) = K
b  (ρ) , and C(ρ) =
k=0 k k
k=0 k k
Kc
c
ν
(ρ)
[7].
The
unknown
parameters
are ak, bk , ck, and
k
k
k=0
χk(·), k(·), and νk(·) are suitably chosen bases that need not be
the same. It is possible to represent A(ρ), B(ρ), and C(ρ) either
as power series expansions or in terms of radial Zernike polynomials. These polynomials are orthogonal, and thus it is easy to
find expansion coefficients that best approximate a known phase
function [13], [14].
PHYSICAL AND STATISTICAL MODELS
PHYSICAL MODELS
Assuming isoplanatism (spatial invariance), the fluorescence
microscope is modeled as a linear shift-invariant system, due to
the incoherent nature of the emitted fluorescence light. In that
case, the 3-D image is represented by the convolution operation
between the PSF h(x, y, z) of the fluorescence microscope and
the 3-D specimen of interest f(x, y, z) (see Figure 2). The imaging process can be expressed analytically as
g(x, y, z) = f(x, y, z) ⊗ h(x, y, z)

x, y, z ∈ R,

(2)

where g(x, y, z) is the measured data. Sampling both sides of
(2), we obtain a matrix-vector equation
g = Hf ,

(3)

where g is the vector form of the measured data, H is the
(L × N) blurring matrix, i.e., sampled PSF, and f is the vector
form of the discrete object. One can assume a shift-variant PSF
in (3). In general, fluorescence microscope PSF is assumed to be
shift-invariant for the deconvolution operation. In that case, H
has a block-circulant form, and its eigenvalues are given by the
discrete Fourier transform (DFT) of the sampled PSF. In addition, the matrix multiplication in (3) can be efficiently represented by point-by-point multiplication in the Fourier domain.
STATISTICAL MODELS
In practice, the image measurement is corrupted by two kinds of
noise: intrinsic and extrinsic. The intrinsic noise obeys a Poisson
model. It is introduced when each photon hits the detector screen
and consequently creates a random number of light photons; i.e., a
Poisson process. In addition, other sources introduce random
extrinsic noise characterized by various statistics (e.g., Poisson,
Gaussian, uniform, etc.) during the image acquisition process. Most
of the fluorescence microscope systems use a charged coupled
device (CCD) camera as the image detector, which results in the
production of negligibly small extrinsic noise. Although the Poisson
statistics provide a realistic noise model, in some applications additive Gaussian noise model is assumed to simplify the numerical
computation. In the following, we discuss both the Poisson and the
Gaussian noise models in 3-D fluorescence microscopy imaging.

POISSON MODEL
The quantum nature of light leads to a Poisson modeling of
both the signal emitted by the object and the background signal,
as follows:
og(x, y, z) =P(o[ f(x, y, z) ⊗ h(x, y, z)]) + P(o[b(x, y, z)]),
x, y, z ∈ R,

(4)

where o is the reciprocal of the photon-conversion factor,
og(x, y, z) is the number of photons measured in the detector,
P is a Poisson process, and b(x, y, z) is the background signal.
For fluorescence microscopy, the photon-conversion factor is
proportional to several physical parameters, such as the integration time and the quantum efficiency of the detector. Both
P(o[ f(x, y, z) ⊗ h(x, y, z)]) and P(o[b(x, y, z)]) are independent Poisson random variables and, hence, the measured output
is a Poisson random variable P(o[ f(x, y, z) ⊗ h(x, y, z) +
b(x, y, z)]). The matrix form of (4) is
og = P (o[Hf + b]),

(5)

where P is a vector whose element is a Poisson random variable
P(·) and b is the vector form of b(x, y, z).
GAUSSIAN MODEL
The Gaussian noise model is given by
g(x, y, z) = f(x, y, z) ⊗ h(x, y, z) + w(x, y, z),

x, y, z ∈ R,
(6)

where w(x, y, z) is an additive Gaussian noise. The matrix form
of (6) is
g = Hf + w,

(7)

where w is the 3-D vector form of w(x, y, z). The background
term is not modeled in the Gaussian noise model because it can
be estimated and then removed from the acquired image before
starting the deconvolution operation. For the Poisson noise
model case, this term cannot be incorporated in a term that is
independent of ( f(x, y, z) ⊗ h(x, y, z)) and thus needs to be
taken into account explicitly.
Under low SNR, the additive Gaussian noise model provides a
poorer description of the fluorescence microscopy imaging than
the Poisson model [4]. The high SNR case can be addressed by
employing the central limit theorem for large numbers of measurement data, where the additive Gaussian noise model performs satisfactorily. It has been widely claimed in the literature that the
deconvolution performance of the Gaussian noise model is inferior
to the physically correct Poisson noise model. The Poisson noise
model is physically correct because the photon-limited image
recording of the fluorescence microscope leads to Poisson noise.
The detector of the fluorescence microscope behaves essentially as
a photon counter. Especially under low-light conditions, the photon
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number is generally extremely small, and the statistical variation in
the number of detected photons is best described by a Poisson modeling of the noise. In addition, it is assumed that the Poisson noise
model leads to a faster convergence of the object function.
IMAGE DECONVOLUTION ALGORITHMS
OF FLUORESCENCE MICROSCOPY IMAGING
The computational 3-D image deconvolution techniques can be categorized into six broad classes: no-neighbors methods, neighboring
methods, linear methods, nonlinear methods, statistical methods,
and BDs. Often, the raw 3-D image data contain nonuniform spatial
illumination and uneven sensitivity imposed by the CCD camera.
To correct those errors, an image smoothing operation called flat
fielding is necessary. Flat fielding is done by imaging a uniformly fluorescent object (such as fluorescent plastic) and then using the fluctuations in this image to calibrate the uneven illumination.
NO-NEIGHBORS METHODS
These computationally efficient methods process each 2-D focal
plane slice separately. Applications of such methods are limited
to high-spatial-frequency objects [6], [15].
NEIGHBORING METHODS
The next computationally efficient and simplest methods are the
neighboring methods. These methods are classified into two
groups: the nearest-neighbors methods and the multineighbors
methods. In the nearest-neighbors methods, each 2-D focal plane
image is deblurred by considering information from two adjacent
planes. Focal planes above and below the plane of interest are
blurred by using a digital blurring filter. After that, deconvolution
is performed by subtracting the blurred planes from the focal
plane image [1]. Such methods work satisfactorily when a significant amount of blur in the focal plane image is contributed by the
adjacent planes. Multineighbors methods extend the nearestneighbors methods by considering a number of user-defined
planes. While the neighboring methods sharpen the 3-D image,
they have several disadvantages. For one, they are not efficient at
removing the noise. For another, these methods introduce structural artifacts. Care is required while applying these methods,
especially for morphometric measurements, quantitative fluorescence measurements, and intensity ratio calculations.
LINEAR METHODS
The simplest and truest 3-D methods for deconvolution use the
information from all the focal planes. Deterministic blurring is
modeled by (2) and (3). Some linear methods (e.g., the Wiener
filtering method) assume additive Gaussian noise [(6) and (7)]
for the corresponding 3-D image deconvolution operation.
INVERSE FILTERING
The image distortion model in (2) is assumed without further
assumptions on noise statistics. For a known h(x, y, z), the
3-D deconvolved image of the specimen is given by [6]
ˆ y, z) = F −1 (G(ω x, ω y, ω z ))/(H(ω x, ω y, ω z )}),
f(x,
where
ω x, ω y, and ω z denote the frequency domain counterparts of the

space variables x, y, and z, respectively; G(ω x, ω y, ω z ) and
H(ω x, ω y, ω z ) are the 3-D Fourier transforms of g(x, y, z) and
ˆ y, z) is the deconvolved image of the specimen in
h(x, y, z); f(x,
−1
3-D; and F is the inverse Fourier transform operation in 3-D.
The PSF is band-limited, therefore at high spatial frequency the
denominator of G(ω x, ω y, ω z )/H(ω x, ω y, ω z ) is close to zero
and the inverse filtering method suffers from severe noise amplification [6]. This problem can be tackled by using a truncated
inverse filter given by

ˆ y, z) =
f(x,

F−1



G(ω x ,ω y,ω z )
H(ω x ,ω y,ω z )



0

if |H(ω x, ω y, ω z )| ≥ 
if |H(ω x, ω y, ω z )| ≤ ,
(8)

where  is a small positive constant.
WIENER FILTERING
The image distortion model in (6) is considered for signalindependent additive Gaussian noise. For a known h(x, y, z),
ˆ y, z) = g(x, y, z)
g(x, y, z) in (6) is deconvolved as f(x,
⊗ ĥ(x, y, z) , where x, y, z ∈ R and ĥ(x, y, z) is the
mean-square error (MSE)-optimal stationary linear filter for
the deconvolution. In the frequency domain, ĥ(x, y, z) is
given as Ĥ(ω x, ω y, ω z ) = H∗ (ω x, ω y, ω z )/{|H(ω x, ω y, ω z )|2 +
(Pw(ω x, ω y, ω z )/Pf (ω x, ω y, ω z ))}, where Ĥ(ω x, ω y, ω z ) is the
3-D Fourier transform of ĥ(x, y, z), “∗’’ is the complex conjugation operation, and Pw(ω x, ω y, ω z ) and Pf (ω x, ω y, ω z ) are the
power spectral densities of the noise and the specimen, respectively [16]–[17].
LINEAR LEAST SQUARES METHOD
The linear least squares (LLS) method assumes the image distortion model (2) and (3). For the sake of clarity, we follow the
matrix equation (3). The least-squares solution of (3) is given as
−1
f̂ = (H TH) H Tg, where f̂ denotes the estimated 3-D image in
vector form after the deconvolution operation. The blurring
matrix H might not be of full column rank and, hence, H TH
might not have an inverse [18].
TIKHONOV FILTERING
The same image distortion model is assumed as in the LLS
method. Direct minimization of ||Hf̂ − g||2 (|| · || is the
Euclidean norm) for a known H in the LLS method produces
undesired results since it does not restore high-frequency
components of the specimen. Therefore, the authors in
[5] suggest minimizing the Tikhonov functional (f̂ ) =
||Hf̂ − g||2 + λ||C f̂ ||2 , where λ is the regularization parameter
and C is the regularization matrix. The matrix C penalizes the
solution of f̂ in the regions where it oscillates due to the spectral
components dominated by noise. In matrix notation f̂ is given as
−1
f̂ = (H TH + λCT C) H Tg.
Wiener, LLS, and Tikhonov filtering do not restore the original specimen’s frequency components beyond the PSF bandwidth. Sometimes, linear methods estimate negative intensity in
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the deconvolved image. In addition, these methods are very sensitive to errors in the PSF data used for the estimation, causing
a ringing artifact in the deconvolved 3-D image.
NONLINEAR METHODS
To solve the difficulties encountered in the linear methods, additional physical information (e.g., nonnegativity, finite specimen
support, specimen smoothness, and regularization) is incorporated, yielding nonlinear iterative algorithms at the cost of
increased computational complexity.
JANSON VAN CITTERT ALGORITHM
Historically, the Janson Van Cittert (JVC) algorithm was the first
iterative method for constrained deconvolution. At each iteration, an error image is calculated by subtracting the estimated
image from the recorded distorted image. To prevent negative
intensities or very bright intensities, the error image is multiplied by a finite weight function that is defined over a positive
intensity band. Finally, the weighted error is subtracted from
the specimen estimate to obtain the new estimate. This method
amplifies high-frequency noise at each iteration and thus
requires a smoothing step at each iteration. Unfortunately, the
smoothing operation does not work well for low SNR images.
While JVC improves the resolution in the final estimated image,
this method is not good for removing the noise [1].
NONLINEAR LEAST-SQUARES METHOD
In JVC, the error between the recorded image and the estimated
image can be negative. In the nonlinear least-squares (NLS)
approach, the sum of the squared error between the recorded
distorted image and the estimated image is minimized by incorporating a nonnegativity constraint, where either negative
intensities are set to zero values or the specimen is constrained
to be positive [19].
ITERATIVE CONSTRAINED
TIKHONOV-MILLER ALGORITHM
In the iterative constrained Tikhonov-Miller algorithm (ICTM)
approach, the minimum of (f̂ ) is searched iteratively by clipping the estimated negative intensities to zero after each iteration. In general, a conjugate gradient (CG) method is used for
the iterative search operation. CG computes a path in the
direction of the minimum of (f̂ ) after an initial downhill
step. CG direction is given as dk = rk + ξkdk−1 , where for the
kth iteration ξk = ||rk||2 /||rk−1 ||2 and rk is the steepest
descent (SD) direction, given by rk = (−1/2)f̂ (f̂ ) =
(H TH + λCT C )f̂k − H Tg. Finally, the CG estimate is

f̂k+1 =

f̂k + ιkdk
0

if f̂k + ιkdk ≥ 0
otherwise,

(9)

where ιk is the optimal step size. In the absence of any nonnegativity constraint, ιk can be computed analytically; otherwise,
the iterative golden section rule searches for an optimum ιk in
each iteration. The computational speed of the ICTM algorithm

is dominated by the search for ιk performed at each iteration [4],
[8], [20]. A modified version of the ICTM algorithm, the
Carrington algorithm, achieves minimization using the KuhnTucker condition. The result of the ICTM algorithm is overly
smooth when the regularization parameter λ is close to 1/SNR.
Higher values of λ produce smoother results. Three reliable
methods are available for determining the λ parameter, namely,
constrained least squares, generalized cross validation, and maximum likelihood [4], [21], [22].
LLS, Tikhonov filtering, NLS, ICTM, and the Carrington algorithm are based on the assumption that the general noise distortion function can be modeled as additive Gaussian noise.
However, these methods do not have a direct noise-reduction
strategy. Nonetheless, statistical processing with necessary physical constraints would eliminate both the out-of-focus light and
random noise and, thus, improve the deconvolution performance.
STATISTICAL METHODS
These methods are extremely effective when the noise in the
acquired 3-D image is fairly strong [6]. These methods have a more
subtle noise strategy than the simple regularizations. They are also
helpful in obtaining certain information not captured by the microscope optics [6]. However, they are more complex and computationally more intensive than the linear and nonlinear methods.
MAXIMUM LIKELIHOOD METHODS
Maximum likelihood (ML) methods have the apparent characteristic of restoring good-quality images in the presence of high
noise levels. For the additive Gaussian noise models in (6) and
(7), the ML solution is essentially the LLS solution for a known
h(x, y, z), assuming the noise is signal independent. To obtain
the ML estimate of f(x, y, z), the likelihood function for the
Poisson imaging model in (4) is maximized as J( f) =
  
x y z {g(x, y, z) log[ f (x, y, z)⊗h(x, y, z) + b(x, y, z)] −
( f(x, y, z)⊗h(x, y, z))}. To apply classical ML estimation, both
h(x, y, z) and f(x, y, z) are required to be in parametric form.
When h(x, y, z) is known and b(x, y, z) is omitted, a multiplicative gradient-based iterative search algorithm maximizes J( f )
and yields the following iterative algorithm,



g(x, y, z)
ˆfi+1 (x, y, z) =
⊗ h(−x, −y, −z)
fˆi (x, y, z)⊗h(x, y, z)
× fˆi (x, y, z),
(10)
where fˆi (·) is the estimation of the object at the i th iteration. The
iterative form (10) ensures nonnegativity for a nonnegative
initial guess fˆ0 (·). An expectation maximization (EM) algorithm
for the ML estimation can also produce the same solution for the
object estimation as given in (10). For conciseness, we summarize
the philosophy behind the EM approach rather than giving the
detailed derivations. In the EM algorithm, two data sets are
defined for the ML estimation: the unobservable complete data set
and the observable incomplete data set. In 3-D fluorescence
microscopy, the complete data set is commonly defined as the
specimen function f(x, y, z) to be estimated and the incomplete
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data set is defined as the recorded image g(x, y, z). The first step
(E-step) finds the expected value of the complete-data log-likelihood of (4) with respect to the conditional probability density
function (pdf) of the complete data set given the incomplete data
set g(x, y, z) [7]. The second step (M-step) maximizes the expectation that is computed in the E-step. However, because the 3-D
deconvolution process is ill-posed, the iterative solution given by
(10) converges to noise asymptotically, which can be removed further by using regularization techniques [11]. The EM algorithm
has a slow rate of convergence, and the computation is intensive
[23]–[25]. We present a new approach using parametric model
with ML estimation method for deconvolution of 3-D fluorescence microscopy images at the end of this section.
MAXIMUM A POSTERIORI METHOD
The ML estimation can be easily extended to the maximum a
posteriori (MAP) method based on realistic prior knowledge of
the object. From (5) and (7), we write in terms of Bayesian terminology, p(f |g) = p(g|f )p(f )/p(g), where p(f ) denotes the
pdf of f and p(f |g) denotes the conditional pdf of f given g. The
MAP solution is obtained by maximizing p(g|f )p(f ). The
Gaussian prior distribution of the object is given by
p(f ) = k exp(−1/(2τ 2 )||C (f − m)||2 ) , where m is the prior
knowledge of the shape of the object, C is the regularization
matrix based on the constraints, τ 2 is the variance of the prior
Gaussian distribution, and k is a normalizing constant. In the
absence of further prior knowledge, the entropy distribution is
the only consistent prior distribution for positive additive
images. The entropy function S is defined by

S(x, y) = M
i=1 (xi − yi − xi ln (xi /yi )) , where the model y
reflects the prior knowledge of x and xi , yi are the i th elements
of vectors x and y. The global maximum of S(·) is y and, hence,
y is the most likely value of x according to the entropy distribution. The entropy prior distribution of the object is given by
p(f ) = k exp(ζ S(|C f |, |C m|)), where the absolute value | · | is
applied to each element of |C f | and |C m|, corresponding to the
assumption that the absolute values of linear combinations of
pixels have an entropy distribution. The arbitrary constants are
denoted by k and ζ . The conditional distribution p(g|f ) can be
both Gaussian or Poisson distributed, according to (5) or (7).
Assuming a Gaussian or Poisson noise model and either a
Gaussian or an entropy prior distribution for the object, MAP
estimates are produced by minimizing functionals ς(f ) as discussed in Table 1, where  is the regularization parameter and
divisions of vectors are performed element by element.
Similarly, a Poisson prior of the object can be assumed and the
corresponding functional ς(f ) can be formed. The parameter 
determines the tradeoff between the amount of smoothing and
fitting accuracy. The roots of the gradients of the functionals
ς(f ) are searched iteratively by using a CG algorithm [26]–[28].
BLIND DECONVOLUTION METHODS
Performance of all the previous algorithms depends on accurate PSF
modeling, which is a challenging task in a real imaging scenario.
Noise is always present in an experimentally measured PSF, whereas

[TABLE 1] FUNCTIONALS TO BE MINIMIZED TO PRODUCE
THE MAXIMUM A POSTERIORI ESTIMATES.
NOISE MODEL

PRIOR

ς(f)

GAUSSIAN (7)

GAUSSIAN

||Hf − g|| 2 + ||C (f − m)|| 2

POISSON (5)

GAUSSIAN

1T Hf − gT ln(Hf + b) + ||C (f − m)|| 2

GAUSSIAN (7)

ENTROPY

||Hf − g|| 2 + |C f|T ln(|C f|/e|C m|)

POISSON (5)

ENTROPY

1T Hf − gT ln(Hf + b)
+|C f|T ln(|C f|/e|C m|)

a theoretical PSF cannot completely determine all aberrations present in microscope optics. Blind deconvolution (BD) methods simultaneously estimate the microscope PSF and the original 3-D
specimen image [6]. The following brief review of the BD algorithm
is based on the Richardson-Lucy (RL) algorithm, which adopts the
Poisson noise model. The RL algorithm can be given in one dimen

sion as fˆi+1 (α) = { h(β, α)g(β)dβ/ h(β, γ ) fˆi (γ )dγ } fˆi (α) ,
where α and β are two events, fˆi (α) is the object distribution at the
i th iteration, h(β, α) is the PSF centered at α, and the degraded
image is g(β). Assuming an isoplanatic condition and extending the
problem into 3-D, we derive (10) from (2) and fˆ(·) (α). The blind
form of (10) can be written as

g(x, y, z)
y, z) =
ĥ ki(x, y, z)⊗ fˆ k−1 (x, y, z)

k−1
ˆ
⊗ f
(−x, −y, −z) ĥki(x, y, z),


g(x, y, z)
ˆf k (x, y, z) =
i+1
fˆik(x, y, z)⊗ ĥk−1 (x, y, z)

k−1
⊗ ĥ (−x, −y, −z) fˆk(x, y, z),


k
ĥi+1
(x,

i

(11)

where at the kth blind iteration it is assumed that the PSF is known
from the (k − 1)th iteration. The object fˆ k(x, y, z) is then calculated for a specified number of RL iterations as in (11), where the
index i represents RL iteration. The PSF ĥk(x, y, z) is then calculated from (11) for the same number of RL iterations. This algorithm
automatically satisfies a priori image-domain constraints (i.e., positivity, energy conservation, and support constraint [29]) while converging towards the ML solution. In [24], only two RL iterations are
performed within one blind iteration, one for the object and one for
the PSF evaluation, which does not perform well on simulated
examples [29]. The RL algorithm is very sensitive to noise. To reduce
the noise sensitivity, the high-frequency parts (i.e., low SNR regions)
of the object are suppressed by convolving the recorded image with
a Gaussian function. This preconvolution operation causes smoothing in the RL algorithm and is further compensated by convolving
the PSF with the same Gaussian [4]. The literature on BD abounds
in variations of the iterative algorithm presented in (11) (e.g., simulated annealing, error metric minimization, ML method, EM algorithm, etc.). However, all those cases are governed by the same
philosophy, i.e., simultaneous estimation of the object and the PSF
in an iterative fashion [7], [30]–[32].
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ized in order to achieve a higher accuracy [33]. However, care is
needed in the selection of penalty terms, since they significantly
affect the estimates.

Care should be taken to avoid nonuniqueness of the BD solution. Even if the solution in (11) is constrained to be nonnegative, (2) has two trivial solutions, { f(x, y, z), h(x, y, z)} =
{g(x, y, z), δ(x, y, z)} and { f(x, y, z), h(x, y, z)} = {δ(x, y, z),
g(x, y, z)}. Similarly, other nonunique solutions also exist, e.g.,
{Kf(x, y, z), h(x, y, z)/K} is a solution of (2) for any K > 0.
Trivial solutions can be avoided by considering the PSF to be
circularly symmetric with a finite frequency domain support.
The scaled induced nonuniqueness is avoided by constraining
the volume integral of the PSF to be finite [24].
In [7], the authors propose a parametric BD technique based
on an iterative algorithm, and the parametric model from (1) is
used to avoid the nonunique solutions. The PSF model in (1)
automatically satisfies all the physical constraints. In the k th
iteration of the algorithm, either the object function f(x, y, z) is
estimated by using (10) while keeping the vector of the PSF
(k)
ψ = ψ̂
ψ ) or the PSF parameters are
parameters constant (ψ
updated numerically while keeping the object function constant.
Another well-known method is the BD technique based on the
penalized ML method. With this method, the likelihood is penal-

WAVELET-BASED PROCESSING
Fine details of the 3-D captured image are more sensitive to noise,
mismatches in the PSF, under sampling, etc., than are the larger
features. Wavelet analysis can perform quite well by analyzing the
different scales separately in the deconvolution process. However,
development of a 3-D deconvolution scheme using wavelets is still
unexplored because the inverse kernel is known only approximately, a situation routinely encountered in 3-D microscopy. An
approximate PSF model makes it attractive to propose a computationally efficient wavelet deconvolution scheme dealing with huge
3-D images. However, wavelet denoising methods can act as an
efficient regularization scheme for 3-D deconvolution, enabling
higher resolution. These methods not only keep the frequency
bandwidth of the final restored image nonincreasing, but also suppress many of the artifacts that would be present at a given step of
deconvolution without denoising. In general, in combination with
more classical deconvolution algorithms, wavelet denoising methods can provide a robust and efficient deconvolution scheme [34].
COMMERCIAL DECONVOLUTION PACKAGES
Commercial deconvolution software packages are available by
AutoQuant Imaging, VayTek, Scanalytics, Intelligent Imaging
Innovations, and Applied Precision, to name a few. Many of
these packages include numerous features such as deblurring
algorithms of 3-D fluorescence microscopy images, generating 3-D PSF of fluorescence microscope, etc. The noncommercial software package XCOSM can be downloaded from
the Web directly as free open source code, which runs on
Unix-based systems. Developers of XCOSM are working on
enhancing the performance and efficiency of this software
with a new software package OMRFCOSM that will run under Windows,
Mac OS X, and Linux [12].

[FIG6] Immobilized particle array, containing 25 spots of
microparticles arrayed on a planar surface. Each spot within the
array contains microparticles coated with capture reagents.
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[FIG7] Synthetic fluorescence intensity images of the meridional sections of two neighboring
microparticles: (a) before acquiring the image and (b) after acquiring the image.
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OUR RESEARCH WORK:
DECONVOLUTION USING ML
We propose a new method for deconvolving 3-D fluorescence microscopy
images dedicated to µTAS and immobilized particle arrays (IPA) (see [3] for a
detailed description of µTAS and IPA).
In µTAS and IPA, microparticles coated
with capture reagents are immobilized
in an array. A single array spot contains
a large number of microparticles, each
of which binds the capture reagent’s
specific fluorescently labeled biotarget,
signified by the different colors in
Figure 6. Particles in an arrayed spot
are all coated with the same capture
reagent. Targets flow tangentially

across the ensemble and gradually build
up on the surface of the microparticles.
0.5
These microparticles are identified and
then the targets’ concentrations are
quantified with a computer-controlled
epi-fluorescence microscope according to
the level of the fluorescence signal per
−0.8 µm
−0.4 µm
0 µm
microparticle. We focus on fluorescence
signal quantification from each individual
microparticle under the assumption that
the targets are already identified [3], [9],
[34]. The green fluorescence intensity
image of the fluorescent layer on each
microparticle is 3-D shell-shaped. Figure
0.06
0.4 µm
0.8 µm
7 shows the synthetic fluorescence intensity image of the meridional sections of
two neighboring shells before [Figure [FIG8] Real fluorescence intensity images of two neighboring shells on focal planes from
7(a)] and after [Figure 7(b)] acquisition. −0.8 µm above to 0.8 µm below the plane of reference at 0 µm.
In Figure 7(b), we observe that the intensities of the two neighboring shells S1 and S2 overlap, resulting in
spherical shell is modeled as a constant within its known inner
a more difficult analysis. In Figure 8, we present a real fluoresand outer radius and zero elsewhere. The shells’ inner and outer
cence intensity image of two neighboring shells on focal planes
radii are assumed to be known a priori. We estimate the
from −0.8 µm above to 0.8 µm below the plane of reference at
unknown parameters by using parametric ML estimation tech0 µm. The exact intensity level of a single shell is impossible to
nique for both Gaussian and Poisson noise models [9].
estimate [9].
We construct a parametric model of the fluorescence microscope
PERFORMANCE MEASURES
PSF in terms of basis functions that approximates the complex PSF
The most widely used performance measures in the literature
model (1) of Gibson and Lanni [7], [9], [10] in the least-squares
are MSE and I-divergence with respect to various SNR. The
ˆ
sense. Assuming radial symmetry, our model is given by
of f(x) is given as
MSE of an estimated function f(x)

2
ˆ
ˆ
MSE( f, f ) = x | f(x) − f(x)| dx. I-divergence is given as
I(a, b) = a ln[a/b]−(a − b) to measure the distance of a funch(x, y, z; θ )
tion b to a function a. The MSE measures the difference



1 z2
(x2 + y2 )
between two compared signals, whereas the I-divergence
= a1 exp −
+
2
2 σ1
σ2 2
measures the distance between two functions. I-divergence is



the only consistent distance measure for nonnegative func2
2
2
1 (z − µ1 )
(x + y )
+
+ a2 exp −
tions, whereas MSE is applicable for all real-valued functions.
2
σ3 2
σ2 2
However, these two methods are not conclusive for our appli
4

cation since the goal of deconvolution is to improve the quan+
(cai − mai ( x2 + y2 − r0 ))
titative analysis of fluorescence microscopy images. Therefore,
i=1




an analysis-based performance measure is necessary [4].
1 (z + mmi ( x2 + y2 ) − cmi )2
In our parametric estimation procedure, we choose Craḿer× exp −
2
σ4 2
Rao bound (CRB) as a performance measure [9]. CRB is the low
est bound on the variance of any unbiased estimator under
× u(( x2 + y2 ) − r0)u(r0),
(12)
certain regularity conditions. It has the important features of
being universal, i.e., independent of the algorithm used for estimation among the unbiased ones, and asymptotically tight,
where the unknown parameter vector is θ = [σ1 , σ2 , σ3 ,
σ4 , µ1 , r0 , mm1 , mm2 , mm3 , mm4 , cm1 , cm2 , cm3 , cm4 , a1 , a2 ,
meaning that for certain distributions there exist algorithms
ca1 , ca2 , ca3 , ca4 , ma1 , ma2 , ma3 , ma4 ] T , u(·) is the unit step
that achieve the bound as the number of samples becomes large.
Note that the ML estimate achieves the CRB asymptotically. In
function, and [·] T is the matrix transpose operation. The model
brief, the CRB is a performance measure that can be used to
(12) reduces the number of unknowns from thousands of pixel
determine the best accuracy we can expect for a certain model.
values to a smaller finite numbers of parameters. However, both
In our research, we obtain satisfactory CRBs on the variance of
the models (1) and (12) are nonlinear in nature [9].
unknown parameters. Finally, we compare the MSEs of the estiIn our work [9], we estimate intensity ratios and centers of
mated parameters with the respective CRBs to gain knowledge
the shells to quantify the fluorescence level from each of them
about the accuracy of the parameter estimation [9].
by using the parametric PSF model (12). The intensity of a
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CRB

CRB

cal images were obtained by convolving the object with a calSIMULATIONS AND RESULTS USING REAL DATA
culated PSF using the model (1). We used these parameters:
We evaluated various methods in our research and summaλ = 574 nm, Na = 1.3, M = 28.8, the ideal and true refractive
rized our results in the following. Two neighboring spherical
shell-like objects (shells S1 and
index of the oil as 1.515, the
S2 in Figure 7) were generated
ideal and true tube length of
COMPUTATIONAL METHODS
on a 129 × 129 × 129 sampling
the microscope as 160 mm, the
REQUIRE A TRADEOFF BETWEEN
lattice, with a sampling interrefractive index of the specimen
val of 0.179 µm along the X, Y,
as 1.3, the design thickness of
THE COMPUTATIONAL COST,
and Z directions. Each shell
the immersion oil as 0.75 mm,
CONVERGENCE PROPERTIES, AND
had a diameter of 4.3 µm and a
the ideal and true thickness of
PORTABILITY FOR A PARTICULAR
thickness of 1.43 µm, and we
the coverslip as 0.17 mm, and
IMAGING APPLICATION.
placed the shells close to each
the ideal and true refractive
other with a distance of
index of the coverslip as 1.522.
7.16 µm between their centers. The maximum intensities of
The model (12) approximates the PSF model (1) in the leastthe shells were 10 and 30, respectively. The simulated confosquares sense with a significantly small least-squares error of
1.8%, which motivated us to use our proposed model (12) for
developing the estimation algorithms as presented in [9]. The
×10−3
×10−3
background signal intensity was assumed to be zero. The
9
2.5
images were distorted using additive Gaussian or Poisson
noise of varying levels. For the Gaussian noise, we define
SNR = {max i (h(·)⊗ f(·)) i − min i (h(·)⊗ f(·)) i }/σ e , where the
noise is assumed to be independent from voxel to voxel with
zero mean and unknown variance σ e2 . For the Poisson statistics,
the noise is completely characterized by the photon conversion
factor 1/o. In our simulations we chose the mean of the Poisson
process equal to o[h(·)⊗ f(·) + b(·)]; thus, the number of detected photons is proportional to o. As a consequence, we chose o as
an SNR measure for the Poisson statistics. In Figure 9, we show
the CRB of the intensity ratio parameter of the shells S1 and S2
0
0
0
20
20
120
as shown in Figure 7. Figure 9(a) gives the CRB for the Gaussian
O
SNR (db)
noise model as a function of SNR and Figure 9(b) is the CRB for
(b)
(a)
the Poisson noise model as a function of o. For both noise models, a lower value of CRB in the high-SNR regions signifies that
[FIG9] Craḿer-Rao bound on the intensity ratio parameter:
the MSE of the estimated parameter using our method can get
(a) for the Gaussian noise model as a function of SNR and (b) the
closer to the CRB value for high SNR. In Figure 10, we compare
Poisson noise model as a function of o.
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[FIG10] Comparison of the MSEs of the object estimation as a
function of SNR for the Gaussian noise model using the inverse
filtering, linear least-squares, nonlinear least-squares, Wiener
filtering, and MLG algorithms.

10
O

[FIG11] Comparison of the MSEs of the object estimation as a
function of SNR for the Poisson noise model using the BD and
MLP algorithms.
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The ML estimation using our PSF model produces very
accurate estimates of the parameters in both the Poisson and
Gaussian noise model cases when we applied our proposed
method [9] to the 3-D real fluorescent intensity image of
Figure 8. Two neighboring shells were located on focal planes

the MSEs of the object estimates using the inverse filtering, LLS,
NLS, Wiener filtering, and MLG (our proposed parametric ML
algorithm for the Gaussian noise model case [9]) algorithms for
the Gaussian noise model case. For the MLG algorithm, we
assumed that both the object and the PSF are unknown, whereas
for the other algorithms we assumed that the PSF is known. We
observe that MLG outperforms the other algorithms with the
smallest MSE for all the SNRs. In Figure 11, we show the estimation results using the BD as given in (11) and MLP (our proposed
parametric ML algorithm for the Poisson noise model case [9])
algorithms for the Poisson noise model case. It is evident from
Figure 11 that MLP outperforms BD in MSE by big margins for
all the SNRs. One drawback of the BD is that it diverges after certain iterations when the deconvolution is performed for a fixed
SNR and, hence, increases the noise artifact in the reconstructed
image. In Figure 12, we show the MSE of the object estimation
as a function of the iteration number using the BD algorithm.
The distorted image is produced in the presence of 40 dB noise
using the Poisson noise model. We observe that the MSE
decreases at the beginning and starts increasing after some iterations, thus causing an apparent divergence of the MSE. To
address this issue, there is a need to develop a stopping criterion,
requiring a regularizing technique that is application-dependent.
Many regularizing methods and MAP-based methods are proposed as a possible solution [11].

−1
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×10−4
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240

80
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Iteration Number

[FIG12] The MSE of the object estimation as a function of
iteration number using the blind deconvolution algorithm.
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[FIG13] Convergence plots of the shell center parameters of S1 and the intensity ratio parameter of S1 and S2 using the additive
Gaussian noise model (left column) and Poisson noise model (right column): (a), (b), (c) show the estimated values of the shell center
parameters of S1, and (d) shows the estimate of the intensity ratio parameter as a function of the number of function-evaluations of
the fminsearch of MATLAB.
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reliability of the estimation performance is of the utmost
from −2.6 µm to 2.6 µm above and below the plane of
importance and, hence, the computer simulation is quite
reference at 0 µm and in radial planes from −6.4 µm to
6.4 µm along both axes. In Figure 13, we present the converintensive. However, we must note that our method extracts
certain information of interest from the captured 3-D image,
gence plots of the ML estimates of the shell center paramewhereas conventional image deconvolution techniques
ters of S1 and the intensity ratio parameter of S1 and S2 as a
improve the resolution and
function of the number of
SNR of the captured image
function-evaluations of the
IMAGING SYSTEMS ALWAYS
(see [9] for more details).
fminsearch of MATLAB for the
DISTORT OBJECTS. IMAGE
additive Gaussian and Poisson
DECONVOLUTION RESTORES
CONCLUSIONS
noise models, respectively. (The
OBJECTS TYPICALLY
We have briefly reviewed existfminsearch uses a multidimenBY CHARACTERIZING
ing image deconvolution algosional unconstrained nonlinear
THIS DISTORTION.
rithms for 3-D fluorescence
minimization method to minimicroscopy (see Table 2 for a
mize functionals.) For the addisummary). It is often recommended that several algorithms
tive Gaussian noise model, the convergence plots of the ML
be applied to the captured image to extract as many specimen
estimates did not change appreciably after 350 iterations,
features as possible [6]. A limitation of most algorithms is the
whereas for the Poisson noise model the convergence plots
underlying assumption of the shift-invariance property of the
became completely steady after 450 iterations. We used an
microscope system, which is not true in practice. In many
Intel, Pentium-4 CPU, 2-GHz computer with 768 MB of RAM
real situations, some knowledge of the PSF can be obtained.
for performing our simulations. For the Gaussian and
Therefore, a functional modeling of the PSF can be accomPoisson noise models, each function evaluation took 50 and
plished with a number of unknown parameters as we propose
15 s, respectively. The convergence plots using the additive
in [9], resulting in an efficient algorithm. In addition, the perGaussian noise model are a little bit fuzzy. The Poisson noise
formance of several iterative algorithms is strongly affected by
model demonstrates more stable behavior (see Figures 13)
the estimation and removal of the background. An overestithan that of the Gaussian noise model. Therefore, we claim
mation of the background compromises the performance of
that the Poisson noise model is more reliable than the addithe algorithm. Most of the advanced algorithms are nonlinear
tive Gaussian noise model and it provides a better description
and statistical, and their implementation for routine 3-D
of the photon-limited image recording of the fluorescence
deconvolution of microscopy images is computationally
microscopy imaging in real life. In our ongoing research,

[TABLE 2] GENERAL CHARACTERISTICS OF DECONVOLUTION METHODS OF 3-D FLUORESCENCE MICROSCOPY IMAGES.
TYPE
1) NO-NEIGHBORS
2) NEIGHBORING
3) LINEAR

4) NONLINEAR,
ITERATIVE

5) STATISTICAL,
ITERATIVE

6) BLIND
DECONVOLUTION

METHOD
NEAREST-NEIGHBORS METHODS
MULTI-NEIGHBORS METHODS
INVERSE FILTERING
WIENER FILTERING
LLS
TIKHONOV FILTERING
JVC
NLS

REFERENCES

NOISE MODEL

COMMENTS

[6], [15]
[1]

NOT ASSUMED

[6]
[16]–[17]
[18]
[5]
[1]
[18]–[19]

NOT ASSUMED
ADDITIVE GAUSSIAN

SIMPLE AND FAST; REDUCE SNR AND INTRODUCE
STRUCTURAL ARTIFACTS IN THE RESTORED
IMAGE.
SIMPLE AND FAST; AMPLIFY NOISE; INTRODUCE
RINGING ARTIFACTS AND SUPPRESS HIGH
FREQUENCY COMPONENTS IN THE RESTORED
IMAGE.
ENFORCE NONNEGATIVITY CONSTRAINT IN
AN AD HOC MANNER; INCREASE RESOLUTION
IN THE ESTIMATED IMAGE BUT NOT EFFICIENT
IN REMOVING NOISE.
INCREASE COMPUTATION; DECONVOLUTION
RESULT DEPENDS ON REGULARIZATION PARAMETER AND REGULARIZATION MATRIX.

NOT ASSUMED
NOT ASSUMED

ICTM

[4], [8], [20],
[21]

ADDITIVE GAUSSIAN

CARRINGTON
ML/EM

[4], [20], [21]
[11], [23]–[25]

PARAMETRIC ML

[9]

ADDITIVE GAUSSIAN,
POISSON

MAP

[26]–[28]

ADDITIVE GAUSSIAN,
POISSON

BD/RL

[7], [24],
[29]–[33]

POISSON

POISSON

RESTORE HIGH NOISE LEVEL; EM HAS SLOW
RATE OF CONVERGENCE; ML CONVERGES TO
NOISE ASYMPTOTICALLY, REQUIRING
REGULARIZATION AT THE COST OF INCREASED
COMPUTATIONAL LOAD.
APPLICABLE WHEN BOTH THE SPECIMEN AND
PSF ARE IN PARAMETRIC FORM.
GAUSSIAN OR ENTROPY PRIOR DISTRIBUTION
OF THE OBJECT IS ASSUMED AND HENCE
GIVES BETTER PERFORMANCE; EMPLOY
REGULARIZATION AND THE CHOICE OF
REGULARIZATION PARAMETER DETERMINES THE
TRADE-OFF BETWEEN AMOUNT OF SMOOTHNESS
AND FITTING ACCURACY.
LARGE NUMBER OF PARAMETERS ARE INVOLVED,
HENCE COMPUTATIONALLY INTENSIVE.
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complex. As a consequence, there is a pressing need to develop more efficient algorithms exhibiting an appropriate compromise between algorithmic simplicity, computational
complexity, convergence criterion, robustness against noise,
and high accuracy for real images.
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